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Abstract In this paper we study zero-sum two-player stochastic differential games with jumps with the 
help of theory of Backward Stochastic Differential Equations (BSDEs). We generalize the results of Fleming 
and Souganidis [10] and those by Biswas [3] by considering a controlled stochastic system driven by a d- 
dimensional Brownian motion and a Poisson random measure and by associating nonlinear cost functional 
defined by controlled BSDEs. Moreover, unlike the both papers cited above we allow the admissible control 
processes of both players to depend on all events occurring before the beginning of the game. This quite 
natural extension allows the players to take into account such earlier events, and it makes even easier to 
derive the dynamic programming principle. The price to pay is that the cost functionals become random 
variables and so also the upper and the lower value functions of the game are a priori random fields. The 
use of a new method allows to prove that, in fact, the upper and the lower value functions are deterministic. 
On the other hand, the application of BSDE methods [18 allows to prove a dynamic programming principle 
for the upper and the lower value functions in a very straight-forward way, as well as the fact that they are 
the unique viscosity solutions of the upper and the lower integral-partial differential equations of Hamilton- 
Jacobi-Bellman-Isaacs' type, respectively. Finally, the existence of the value of the game is got in this more 
general setting if Isaacs' condition holds. 
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1 Introduction 



In the present work we investigate two-player zero-sum stochastic differential games in the framework 
of Brownian motion and Poisson random measure. Fleming and Souganidis [10j were the first to study in a 
rigorous manner two-player zero-sum stochastic differential games (SDGs). They proved that the lower and 
the upper value functions of such games satisfy the dynamic programming principle (DPP), that they are 
the unique viscosity solutions of the associated Bellman-Isaacs equations and that they coincide under the 
Isaacs' condition. Their work has translated former results by Evans and Souganidis [9] from a deterministic 
into the stochastic framework and has given an important impulse for the research in the theory of stochastic 
differential games. Various recent works on SDGs are based on the ideas developed in [10], see, for instance, 
Buckdahn, Cardaliaguet, Rainer (4], Hou, Tang [13] . Mataramvura, 0ksental [15] and so on, we shall, in 
particular, also mention the recent work by Biswas [3] on SDGs with jumps. The reader interested in this 
subject is also referred to the references given in [10] . 

In the present work we study an extension of the results of the pioneering work of Fleming and 
Souganidis [10] and those by Biswas [3] on SDGs with jumps. More precisely, inspired by [5], we consider 
SDGs with jumps on the Wiener-Poisson space and we allow the admissible control processes to depend on 
the full past of the trajectories of the driving Brownian motion and the Poisson random measure. This means, 
in particular, that they can also depend on information occurring before the beginning of the game. This 
approach combined with the notion of stochastic backward semigroups, introduced by Peng [18], simplifies 
the proof of the DPP considerably. But it also has the consequence that the cost functionals become random 
variables. In 5 , for SDGs in a Brownian setting without jumps, the authors introduced the method of 
Girsanov transformation, in order to prove that in spite of the randomness of the cost functionals the lower 
and the upper value functions of the game are deterministic. However, this method doesn't apply to SDGs 
with jumps. For this reason we study a new type of transformation on the Wiener-Poisson space, which allows 
to show that also in the case of SDGs with jumps the upper and the lower value functions are deterministic, 
in spite of controls which can depend on the whole past. Another extension concerns the cost functionals. 
We consider nonlinear ones, defined through a doubly controlled backward stochastic differential equation 
(BSDE) with jumps. These both extensions of the framework in [10], [3] and [5] are crucial because they 
allow to harmonize the setting for stochastic differential games with jumps with that for the stochastic 
control theory and to simplify considerably the approach in [10] and [3] by using BSDE methods. 

BSDEs in the framework of Brownian motion in their general non-linear form were introduced by 
Pardoux and Peng [17] in 1990. They have been studied since then by a lot of authors and have found 
various applications, namely in stochastic control, finance and the second order PDE theory. BSDE meth- 
ods, originally developed by Peng [18] and [19] for the stochastic control theory, have been introduced to 
the theory of stochastic differential games by Hamadene and Lepeltier [11] and Hamadene, Lepeltier and 
Peng [12] , in order to study games with a dynamics whose diffusion coefficient is strictly elliptic and does 
not depend on the controls. BSDEs in the framework of Brownian motion and Poisson random measure 
were first considered by Tang and Li [20] . later by Barles, Buckdahn and Pardoux [TJ, and so on. In Li and 
Peng [16] they studied the stochastic control theory for BSDE with jumps. 

In the present paper we study the general framework of SDGs with jumps. The dynamics of the 
stochastic differential game in the framework of Brownian motion and compensated Poisson random measure 
we investigate is given by a doubly controlled system of stochastic differential equations (see equation (3.1)). 
The cost functionals (interpreted as a payoff for Player I and as a cost for Player II)(see (3.7)) are introduced 
by a BSDE governed by a Brownian motion and a compensated Poisson random measure (see equation 
(3.5)). It is well known in the theory of differential games, that players cannot restrict to play only control 
processes: one player has to fix a strategy while the other player chooses the best answer to this strategy 
in the form of a control process. So the lower value function W is defined as the essential infimum of the 
essential supremum of all cost functionals, where the essential infimum is taken over all admissible strategies 
of Player II and the essential supremum is taken over all admissible controls of Player I. The upper value 
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function U is denned by changing the roles of the both players: as the essential supremum of the essential 
infimum of all cost functionals, where the essential supremum is taken over all admissible strategies of Player 

1 and the essential infimum is taken over all admissible controls of Player II; for the precise definitions see 
(3.9) and (3.10). The objective of our paper is to investigate these lower and upper value functions. The 
main results of the paper state that W and U are deterministic (Proposition 3.1) continuous unique viscosity 
solutions of the associated Bellman- Isaacs equations (Theorem 4.1), and they satisfy the DPP (Theorem 
3.1). 

We point out the fact that W and U, introduced as combination of essential infimum and essential 
supremum over a class of random variables, are deterministic is far from being trivial. The method developed 
by Peng [18j (see also Theorem 6.1 of the present paper) for value functions involving only control processes 
but not strategies does not apply here since the strategies from At,T and Bt.T do not have, in general, 
any continuity property. In [5], the authors used a new method, that of the Girsanov transformation, to 
solve this difficulty for the stochastic differential games in the framework of Brownian motion, but for the 
present situation-the SDGs driven by a Brownian motion and a compensated Poisson random measure this 
method is not applicable anymore. To overcome this difficulty we define a new type of measure-preserving 
and invertible transformations on the Wiener-Poisson space (see (3.11) and (3.12)). We show in Lemma 3.1 
that W and U are invariant under such transformations and in Lemma 3.2 we prove that the invariance of 
a random variable over the Wiener-Poisson space with respect to these transformations implies that it is 
deterministic. We emphasize that the proofs of the Lemmas 3.1 and 3.2 do not use BSDE methods. This 
makes this method also applicable to the other situations, such as standard stochastic control problems with 
jumps. The importance of the approach which considers control processes depending on events occurring 
before the beginning of the game, stems from that fact that, once proved that the upper and the lower 
value functions W and U are deterministic, Peng's notion of backward stochastic semigroups [18] extended 
to the framework with jumps, allows to prove in a very straight-forward way the DPP and this without any 
approximation or technical notions ( r-strategies and 7r-controls) playing an essential role in |10j and [3]. 
Moreover, our approach also allows to show directly with the help of the DPP that W and U are viscosity 
solutions of the associated Bellman-Isaacs equations. 

Our paper is organized as follows. Section 2 recalls some elements of the theory of BSDEs with jumps 
which will be needed in what follows. Section 3 introduces the setting of stochastic differential game and 
its lower and upper value functions W and U, and it proves that both these functions are deterministic 
and satisfy the DPP. The proof of DPP is given in Section 6.2. In Section 4 the DPP allows to derive 
with the help of Peng's BSDE method [18] adapted to the framework of SDGs with jumps, that W and U 
are viscosity solutions of the associated Bellman-Isaacs equations. In Section 5 we prove the uniqueness of 
viscosity solutions of the associated Bellman-Isaacs equations. Finally, after having characterized W and U 
as viscosity solutions of associated Bellman-Isaacs equations we show that under the Isaacs' condition W 
and U coincide (one says that the game has a value). Finally, the Appendix recalls some complementary 
results on FBSDEs with jumps, to which we refer in our work. 

2 Preliminaries 

Let us begin by introducing the setting for the stochastic differential game we want to investigate. As 
underlying probability space (Q, J 7 , P) we consider the completed product of the Wiener space (Sli, Pi, Pi) 
and the Poisson space (^2,-^2,^2)- Here, (f2i, Pi, Pi) is a Wiener space: f2i is the set of continuous functions 
from R to M. d with value zero at 0, f2i = Co(R;R d ) endowed with the topology generated by the uniform 
convergence on compacts. Pi is the completed Borel er-algebra over f2i, and Pi the Wiener measure under 
which the d-dimensional coordinate processes B s (oj) — uj s , s e R+, cj € Qi, and B- S (u) = cj(— s), s £ 
R+, ui € Oi, are two independent d-dimensional Brownian motions. By {P,f ', s > 0} we denote the natural 
filtration generated by {P s }s>o and augmented by all Pi -null sets, i.e., 

P S B = a{B r , r £ (-00, s]} V Af Pl , s > 0. 
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We now introduce the Poisson space (fi 2 , ^2, Pi)- For this, we let E — M. l \ {0} and endow the space E with 
its Borel ex-field B{E). By a point function p on E we understand a mapping p : D p c R — > E, where the 
domain D p is a countable subset of the real line R. The point function p defines on R x E the counting 
measure /i(p, dtde) introduced by the relation 

H(p, (s, t] X A) = (J{r G D p n (s, i] : p(r) G A}, A G s, t G R, s < t. 

In the sequel we will often identify the point function p with (i(p,.). Let now Q2 denote the collection 
of all point functions p on E and J-2 be the smallest a-field on fl 2 with respect to which all mappings 
p —> jti(p, (s,(]xA), s, t G R, s < t, A G B(E) are measurable. On the measurable space (fi 2 , -^2) we consider 
the probability measure P2 under which the canonical coordinate measure ji{p, dtde) becomes a Poisson 
random measure with Levy measure A. That means the compensator fl(dtde) = dt\{de) of /1 transforms 
{fi{{s, t] X A) = (fi — p,)((s,t] x A)} s <t to a martingale for any A G B{E) satisfying X(A) < 00. Here A is an 
arbitrarily given cr-finite Levy measure on (E,B(E)), i.e., a measure on (E,B(E)) with the property that 
j E (l A |e| 2 )A(de) < 00. We complete the probability space (0 2 , J~2, P2) and introduce the filtration (J 7 ^)^ 
generated by our coordinate measure \i by setting 

T% = ct{m((s, r] x A) : -00 < s < r < t, A G B(E)}, t > 0, 

and taking the right-limits J 7 / 1 = (^{ s >t}J's^j V A/p 2 , t > 0, augmented by the P 2 -null sets. Finally, we 
put f2 = Hi x f2 2 , J- = J-i <£) J-2, P = Pi <S) P2, where J 7 is completed with respect to P, and the filtration 
F = { J" t } t >o is generated by 

T t ■= Tf' 11 = Tf ® J 7 ^, t>0, augmented by all P-null sets. 

Let T > be an arbitrarily fixed time horizon. For any n > 1, \z\ denotes the Euclidean norm of 
z G R n . We introduce also the following three spaces of processes which will be used frequently in the sequel: 

5 2 (0,T;R) := {(tpt)o<t<T real-valued F-adapted cadlag process : 

E[ sup |Vt| 2 ] < +00}; 

0<t<T 

"H 2 (0,T;R") := {(ipt)o<t<T R"-valued F-progressively measurable process : 

|| ^ || 2 = £;[/ T |^| 2 dt] <+oo}; 

K%(0, T; R") := {mapping K : il x [0, T] x E -> R" V ® S(S)-measurable : 

II K || 2 = E[fif E \K t (e)\ 2 X(de)dt] < +oc}.0 

Let us now consider a function g : fl x [0, T] x R x R d x L 2 (E, B(E), A; R) —> R with the property 
that (g(t,y,z,k)) t £[o,T] is P-measurable for each (y,z,k) in R x R d x L 2 (E, B(E), A; R), and we also make 
the following assumptions on g throughout the paper: 

(Al) There exists a constant C > such that, P-a.s., for all t G [0,T], yi,j/2 G R, z\, z 2 G R d , k\, fc 2 G 
L 2 (E,B(E),\;R), 

\g(t,y 1 ,z 1 ,k 1 ) - g(t,y 2 ,z 2 ,k 2 )\ < C(\y x - y 2 \ + \zi - z 2 \ + \\ki - fc 2 ||). 
(A2) «?(.,0,0,0)GH 2 (0,T;R). 

The following result on BSDEs with jumps is by now well known, for its proof the reader is referred 
to Lemma 2.4 in Tang and Li [3D] or Theorem 2.1 in Buckdahn, Barles and Pardoux [TJ. 

Lemma 2.1. Under the assumptions (Al) and (A2), {or any random variable £ G L 2 (0, J-^, P), the BSDE 
with jump 

yt=£ + \ g(s,y s ,z s ,k s )ds - / z s dB s ~ / / k s (e)p,(ds,de), < t < T, (2.1) 
Jt Jt Jt Je 

1 7 3 denotes the c-algebra of J^-predictable subsets of £7 X [0, T\. 
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has a unique adapted solution 

(y^,z?' g <t,kJ' 9 '% e[0tT] G S 2 (0,T;R) x H 2 (0,T;R d ) x JC 2 (0, T;R). 
In the sequel, we always assume that the driving coefficient 5 of a BSDE with jump satisfies (Al) and 

(A2). 

We recall also the following both basic results on BSDEs with jumps. We begin with the well-known 
comparison theorem (see Barles, Buckdahn and Pardoux [T], Proposition 2.6). 

Lemma 2.2. (Comparison Theorem) Let h : il x [0, T] x R x R d x M be V <E)B(R)(E)B(R d ) (g>B(R) measurable 
and satisfy 

(i) There exists a constant C > such that, P-a.s., for all t G [0, T], R, Z\,Zz G R d , fei, &2 € 

R, 

fci) - h(t,y 2 ,z 2 ,k 2 )\ < C{\y\ - y 2 \ + \z\ - z 2 \ + \ki - k 2 \). 

(ii) &(., 0,0,0) g -H 2 (0,T;R). 

(iii) — > hit, y, z, k) is non- decreasing, for all (t, y, z) G [0, T] x R x R d . 
Furthermore, let I : £1 x [0, T] x i5 — > R oe "P <E> 13(E) measurable and satisfy 

< Z t (e) < C(l A |e|), e £ E. 

We set 

g(t,u,y,z,ip) = h(t,u,y,z, / ip.(e)l t (u), e)A(de)), 

/or (t,uj,y,z,if ) e [0,T] x ft x R x R d x L 2 (S, S(-B), A; R). 

Lei £ € L 2 (0,.F T ,P) and g' satisfies (Al) and (A2). 

We denote by (y,z,k) (resp., (y',z',k')) the unique solution of equation (2.1) with the data (£,<?) 
(resp., (Cg') ). If 

(iv) £ > a.s.; 

(v) g(t,y,z,k) > g'(t,y,z,k), a.s., a.e., for any (y,z,k) G R x R d x L 2 (£, B(E'), A; R). 

Then, we have: y t > y' t , a.s., for all t G [0,T]. And if, in addition, we also assume that P(£i > £2) > 0, 
i/ien P{yt > ^} > 0, < i < T, and m particular, yo > y' . 

Using the notation introduced in Lemma 2.1 we now suppose that, for some g : f2 x [0, T] x R x R d x 
L 2 (E, B(E), A; R) — ► R satisfying (Al) and (A2) and for some i G {1,2}, the drivers gi are of the form 

9i(s,vl,zl,kl) = g(s,yl,zl,kl) + (fi(s), dsdP-a.e., 

where tpi G "H 2 (0,T;R). Then, for terminal values £1, £2 belonging to L 2 (SI,Ft,P) we have the following 

Lemma 2.3. The difference of the solutions (y l , z 1 , k 1 ) and (y 2 ,z 2 ,k 2 ) of BSDE (2.1) with the data (£1,31) 
and (£, 2l g 2 ), respectively, satisfies the following estimate: 

\yl - y 2 \ 2 + \E\S? e^(\yl - y 2 \ 2 + \z\ z 2 s \ 2 )ds\T t ] 
HE[J^ J E e^)\kl(e)-k 2 (e)\ 2 X(de)ds\T t ] 
< B[e^( T -*)|a - 6| 2 |^] + E[fi X-*%i(a) - V2 (s)\ 2 ds\F t ], P-a.s., for all0<t<T, 

where (3 > 2 + 2C + 4C 2 . 

For the proof the reader is referred to Barles, Buckdahn and Pardoux pQ, Proposition 2.2. 



■5 



3 A DPP for stochastic differential games with jumps 

Now we begin to consider the stochastic differential games with jumps under our setting. 

The set of admissible control processes U (resp., V) for the first (resp., second) player is the set of all 
U (resp., V)-valued J" t -predictable processes. The control state spaces U and V are supposed to be compact 
metric spaces. 

For given admissible controls u(-) e U and v(-) e V, the corresponding orbit which regards t as the 
initial time and ( e L 2 (il, J" t , P; R n ) as the initial state is defined by the solution of the following SDE with 
jump: 

' dX*&»' v = b{s,X t s ^ v ,u s ,v s )ds + <j(s,X t s ^\u S7 v s )dB s 

+ f El (s,Xl'(< u ' v ,u s ,v s ,e)Ji(ds,de), s e [t,T], (3.1) 

C:u,v 



A t — S) 



where the mappings 

b : [0,T] x R n x U x V ^ R n , a : [0, T] x R" x U x V -S- R" xd , 
7 : [0, T] x R™ x U x V x E ->• R", 

satisfy the following conditions: 

(i) For every fixed (x, e) € R™ x E, &(., x, ., .), <r(., x, ., .) and 7(., x, ., ., e) are 
continuous in (t,u,v); 

(ii) There exists a constant C > such that, for all t e [0, T], x, x' € R", ueU, v e V, 

\b(t, x, u, v) — b(t, x', u, v)\ + \cr(t, x, u, v) — a(t, x', u, v)\ < C\x — x'\. 

(iii) There exists p : E -> R+ with J E p 2 (e)\(de) < +oo, such that, (H3.1) 

for any t e [0,T],x,y e R™, u € U, v <= V and e <E E, 
\y{t,x,u,v,e) - 7(t,y,w,w,e)| < p(e)|x-y|, 
|7(t,0,u,u,e)| < p(e). 

From (H3.1) we get the global linear growth conditions of b and a, i.e., the existence of some C > 
such that, for all < t < T, u e U, v <= V, i£ R™, 

|6(t, a;, w, v)| + \a(t,x,u,v)\ < C(l + |x|); 

| 7 (t,x,w,w,e)| < p(e)(l + \x\). 

Obviously, under the above assumptions, for any u(-) <G U and u(-) e V, SDE (3.1) has a unique strong 
solution. Moreover, there exists C € M + such that, for any t € [0,T], u(-) <G U,v(-) G V and £, G 
i 2 (^i, .Ft, P; R"), we have the following estimates, P-a.s.: 

E[ sup - X*'f'^| 2 |7- t ] < CK-C'I 2 , 

s e[t,T] ,„ ox 

£[ sup |X^| 2 |jr t ] < C(1 + |C| 2 ). 1 ' ' 

se[t,T] 

The constant C depends only on the Lipschitz and the linear growth constants of 6, a and 7 with respect 
to x. 

Let now be given three measurable functions 

$ : R™ -)• R, / : [0, T] x R™ x R x R d x R x U x V -> R, Z : R" x £ -> R 
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(H3.2) 



which satisfy the following conditions: 

(i) For every fixed (a;, y, z, k) £ R" x R x R d x R, /(., x, y, z, k, ., .) is continuous in 
(t, u, v) and there exists a constant C > such that, for all t £ [0, T), x, x' £ R™, 
y, y' S R, z, z' £ R d , fc, fc' G R, it G [/ and v £ V, 

\f(t,x,y,z,k,u,v) - f(t,x',y',z',k',u,v)\ 

<C(\x-x'\ + \y-y'\ + \z-z'\ + \k-k'\); 

(ii) k —> f(t, x, y, z, k, u, v) is non-decreasing, for all (t, x, y, z, u, v) £ [0, T] x R" x R 
xR d x U x V; 

(iii) There exists a constant C > such that, 

0<l(x,e) < C(lA|e|), x £ R™, e G E, 
\l(x,e) -l(x',e)\ < C\x-x'\(l A |e|), x,x' £ R", e e £; 

(iv) There exists a constant C > such that, for all x, x' £ R™, 

\$(x) - <C|x-a;'|. 

From (H3.2) we see that / and $ also satisfy the global linear growth condition in x, i.e., there exists some 
C > such that, for all < t < T, u £ U, v £ V, x £ R", 

|/(i,x,0,0,0, M , V )| + |<f(x)| <C(l + |x|). (3.4) 

For any u(-) £ U, v(-) £ V and C € L 2 (fi, J" t , P; R"), the mappings ^ := $(X^ C;U ^) and g(s,y,z,k) := 
f(s, Xl^ u > v , y, z, J E k{e)l(X^' u ' v , e)A(de), u SJ u a ), (s, y, z, fc) e [0, T] x R x R d x L 2 (£;, B(E), A; R) satisfy 
the conditions of Lemma 2.1 on the interval [t,T], Therefore, there exists a unique solution to the following 
BSDE: 

_ d yt,Cw = /(S) x*><w, Zl^'\ J E Kt^{e)l{Xl<^, e)\(de),u s ,v s )ds 

-Z*'twdB a - J E Kl'<w{e)Ji(ds, de), (3.5) 
Y t,t;u,v = $( X t,C;u,v^ 

where X t '''' u ' v is introduced by equation (3.1). 

Note that in (3.5) and in the sequel, / depends on K in a very specific way in order to make full use 
of the comparison theorem-Lemma 2.2. 

Moreover, in analogy to Proposition 6.1 in the Appendix, we can see that there exists some constant 
C > such that, for all < t < T, (, (' £ L 2 (n, F u P; R"), u(-) £ hi and v(-) £ V, P-a.s., 

« \Y^-Y^'^\<C\C-a 

(ii) |y/^|<c(i + |c|). 1 ■ ' 

Now, similar to 5_ and [TU], we introduce the following subspaces of admissible controls and the 
definition of admissible strategies for the game: 

Definition 3.1. An admissible control process u — {u r ,r £ [t,s]} (resp., v — {v r ,r £ [t,s]}) for Player 
I (resp., II) on [t, s](t < s < T) is an J- r -predictable process taking values in U (resp., V). The set of all 
admissible controls for Player I (resp., II) on [t,s] is denoted by Ut. s (resp., Vt, s )- We identify both processes 
u and u in Ut.s and write u = u on [t, s], if P{u = u a.e. in [t, s]} — 1. Similarly we interpret v = v on [t, s] 
in Vt, s - 

Finally, we still have to define the admissible strategies for the game. 

Definition 3.2. A nonanticipative strategy for Player I on [t,s](t < s < T) is a mapping a : V f s — > lA t ^ s 
such that, for any J- r -stopping time S : — > [t,s] and any Vi,v 2 £ V tiS with Vx = v 2 on [[t,S]], it holds 
a(vi) = a{v2) on l[t,S]J. Nonanticipative strategies for Player II on [t,s], (3 : Ut. s — > Vt, s > are defined 
similarly. The set of all nonanticipative strategies a : Vt, s — I Ut,s for Player I on [t,s] is denoted by At, s - 
The set of all nonanticipative strategies (3 : Ut, s — > Vt,s for Player II on [t, s] is denoted by Bt, s - 
(Recall that ft, SJJ = {(r,w) G [0,T] x Q,t < r < S(w)}). 
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Given the control processes u(-) <E U t ,T and v(-) G Vt,r we introduce the following associated cost 
functional 

J{t, x; u, v) := Yfw, (t, x) G [0, T] x R™, (3.7) 
where the process Y t,x ' u,v is defined by BSDE (3.5). 

Similarly to the proof of Theorem 6.1 in the Appendix, we can get that, for any t G [0,T] and ( G 
L 2 (ft,.F t ,P;R"), 

J(t, C; u, u) = r/' C;u ^, P-a.s. (3.8) 

Being particularly interested in the case of a deterministic £, i.e., £ = a; G R™, we define the lower value 
function of our stochastic differential game 

W(t,x) := essmf 0eBhT esssup ueUt T J(t,x;u,/3(u)) (3.9) 

and its upper value function 

U(t,x) :— esssup Qg _4 t T essinf„ e v t ,T^(^ x > a ( v )> v )- (3.10) 

Remark 3.1. (1) Here the essential infimum and the essential supremum should be understood as one with 
respect to indexed families of random variables (see, e.g., Dunford and Schwartz JB$, Dellacherie or the 
Appendix in Karatzas and Shreve for detailed discussions). The reader is also referred to Remark 3.1 
in J3y. 

(2) Let us point out that under our conditions (H3.1)-(H3.2) the lower value function W(t,x) and the upper 
value function U(t,x) are well defined and, a priorily, bounded, Tt-measurable random variables. However, 
we show below that they are indeed deterministic functions. Such a result was already got in the case of 
stochastic differential games only driven by a Brownian motion (see Joy). However, here, in presence of 
an additional driving compensated Poisson random measure, the argument of the Girsanov transformation 
employed in doesn't work anymore and has to be replaced by a quite different transformation argument. 
In what follows we concentrate on the study ofW, the upper value function U can be investigated in a similar 
manner. 

Proposition 3.1. For any (t, as) G [0,T] x W l , we have W(t,x) = E[W(t,x)], P-a.s. Thus, let W(t,x) 
identify with its deterministic version E[W(t, x)], W : [0,T] x R" — > R is a deterministic function. 

The proof will be split into two lemmas. 

Lemma 3.1. Let (t,x) G [0, T] x R™ and r : fl — > £1 be an invertible T-T measurable transformation such 
that 

i) t and r _1 : Q — > il are J- t — J~t measurable; 

ii) (B 8 -B t )oT = B,-B t , se [t,T]; 

fi((t, s]x A)o T = fx((t, s] x A), se [t, T], A G B(E); 
hi) the law P o [r] _1 of r is equivalent to the underlying probability measure P. 

Then, W(t, x)o T = W(t, x), P-a.s. 

Proof: We split now the proof in the following steps: 

1 st step: For any u G Mt,T, v G Vt,T, J(t, x;u,v) o r = J(t, x; u(t),v(t)), P-a.s. 

Indeed, we apply the transformation t to SDE (3.1) (with ( = x) and compare the obtained equation 
with the SDE obtained from (3.1) by substituting the controlled processes u(t), v(t) for u and v. Then, 
from the uniqueness of the solution of (3.1) we get X*' x;u '"(t) = j' ,I, "' T ' , "^ ] for any s G [t,T], P-a.s. 
Furthermore, by a similar transformation argument we obtain from the uniqueness of the solution of BSDE 
(3.5), 

yyw( T ) = Y^fM.t-M for any s e [ t)T ] ; p_ a>B>j 

Z t,x;u,v^ = z t,x;u{r),v{r) ^ dsd p. a e . on [ tj T ] x ^ 
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K t,x;u,v^ = K t,x:u(r)Mr)^ d s A(de)dP-a.e. on [t, T] xExfl. 
Consequently, in particular, we have 

J{t,x;u,v)(r) — J(t, x; u(t), v(t)), P-a.s. 

2 nd step: For /3 G B t , T , let (3(u) := /3(w(r- 1 ))(r), u G U t , T - Then, (3 G B t , T . 

Obviously, /3 maps W 4j t into V t ,T- Moreover, this mapping (3 is nonanticipating. Indeed, let S : Q — > 
[i, T] be an F-stopping time and Ui,ti2 € such that U\ = u 2 on ft, SJ. Then, obviously, wi(r _1 ) = 
?i2(r _1 ) on [t, ^(r -1 )] (notice that 5(r _1 ) is still an F-stopping time. For this we use that the assumptions 
i) and ii) imply that t{T„) := {t(A), A G J 7 ,} = F s , s G [t, T] ). Thus, because /3 € <Bt,T, we have 
^(uiCr" 1 )) = ^(^(t" 1 )) on p, SCr" 1 )]. Therefore, 

P( U1 ) = piuiiT- 1 ))^) = P{u 2 {t- 1 )){t) = P{u 2 ) on \t, SJ. 
3 rd step: For all (3 G B t , T we have: 

(esssup ueWt r J(i, x; u, /3(u)))(r) = esssup ueW( T (J (i, x; u, (3(u))(t)), P-a.s.. 

Indeed, with the notation I(t,x;(3) :— esssup ueWt T J(t, x; u, (i{u)), (3 G B t ,T, we have I(t,x;(3) > 
J(t,x;u, (3(u)), and thus I(t,x; /3)(r) > J(t,x;u, (3(u))(t), P-a.s., for all u G Ut,T (recall that Por 1 is 
equivalent to P due to assumption hi)). On the other hand, for any random variable ( satisfying £ > 
J(t,x;u, (3(u))(t), and hence also C( T 1 ) > J(t, x; u, (3(u)) , P-a.s., for all u G Ut,T, we have C( T 1 ) > 
I(t,x;(3), P-a.s., i.e., £ > (3){t), P-a.s. Consequently, 

I(t,x;(3)(T) = esssup ueUt T (J(t,x;u, P(u))(t)), P-a.s. 
4 t/l step: W(t, x) is invariant with respect to the transformation r, i.e., 

W(t,a;)(T) = W(t,x), P-a.s. 
Indeed, similarly to the third step we can show that: 

(essinf,g eBt T I(t, x;(3))(t) = essmip eBt T (I(t, x; (3)(t)), P-a.s. 
Then, from the first step to the third step we have, 

W(t,x)(r) = essinf /3eBtiT esssup ueWt T (J(t,x;u, /3(u))(t)) 

= essinf /3eBt T esssup ueW< T J (t, x; u(t), /3(u(t))) 

= essinf j8eBtiT esssup ueMt T J{t,x;u,fi{u)) 

= essinf/jgs, T esssup ueWt T J(t,x;u, /3(u)) 

= W(t,x), P-a.s., 

where we have used {u(t) \ u(-) G Kt,r} — Ut,T, {(3 \ (3 G Bt,r} — Bt,T in order to obtain the both latter 
equalities. □ 

Now let t > 1. We define the transformation : fli Hi such that, for all toi G fli = Cq(R;] 

(T , e u 1 )((t-t,r])=w 1 ((t-2e,r-e\)(:=u) 1 (r-l)-u-. 
{T J t w 1 )((t-2e,r-e\)=u 1 ((t-t,r]), for r G [t-l,t\; 



(7^wi)((t - £,r}) = Wl ((t - 2*,r - *])(:= wi(r - I) - wi(t - 2*)); 

(3.11) 



(^wi)((s,r]) =wi((s,r]), (*,r] n (t - U,t\ = 0; 
(^wi)(0)=0. 

Moreover, for p G Sl 2 , P = S xe £> p f>(2;)£ x , we put: 

r"p := ^ xeDp n(t-2i,tYP{x)5 x + ^ xeDp n(t-i,t]P(x)S x -e + ^ x eD p n(t-2£,t-i]P{x)S x+e . 
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Obviously, r" : il 2 — > ^2 is a bijection, t" 1 = r", which preserves the measure P2 o [r"] 1 = P2. Moreover, 

At(7^'p; {t-£,r] xA)= f i(p; (t-2£,r-£] x A), r G (t-*,t], A G B(-E'); 

/i(r;'p; (i - 2£, r - l\ x A) = fi(p; (t - r] x A), r6(i-<,i], A G B(.E); (3.12) 

/x(t#>; (a, r] x A) = (s, r] x A), (s, r] n (t - 2£, i] = 0, A G 

Thus, the transformation : Q — > f2, T£W := (r^wi, r"p)> w = ( w i> P) <= ^ = ^1 x ^2, satisfies the 
assumptions i), ii), iii) of Lemma 3.1. Therefore, W(t, x)(rg) — W(t, x), P-a.s., £ > 1. The proof of 
Proposition 3.1 will be completed by the following auxiliary Lemma 3.2. 

Lemma 3.2. Let £ G L°°(0, J" t , P) 6e swc/i i/iai, /or all £ > 1 natural number, C(^) = C; P-a.e. Then, there 
exists some real C such that ( = C, P-a.s. 

Proof: To simplify the notation we introduce the Brownian motion B' r := B t — B t - r , r > 0, and the Poisson 
random measure 

v([0, r] x A) := /z([t - r,t] x A), r > 0, A G 

on M+ x P. Then, 

B;(^wi) = Bj +r (wi) - 

(i?; +r - - £?>!), r G [0,4; 

B^wi) - Bi(T^wi) - b;(wi) - (a, r] n [0, 2*] - 0; 

and 

u(r £ "p; [0,r] x A) = u(p; + r] x A); 

v(t'/ P ; [£,£ + r] x A) = v(p; [0,r]xA), re [0,4 A G B(E); 

v(t'/ P ; [s, r] x A) = [s, r] x A), [s, r] n [0, 2£] = 0, < s < r, A G 

Moreover, we put := <r{P/, - P/, u([s,s'] x A), s' G [s,r], A G V7V P , < s < r < +00. Let 

C G L°°(fl, Tt, P) be such that C( T £) = Ci P-a.s., for all £ > 1 natural number. To prove Lemma 3.2 it suffices 
to show that ( — E[(], P-a.s. 

To this end we consider a random variable of the form Orjq, where 9 G L°°(Cl, F' e , P), i] G L°°(0, 2£ , P), 
and cr G L°°(fi,.F^ |0O ,P). Then, 0(7?) G L°° {n,T' L2l , P), and the random variable 77(7?) G L°°(0, F'q^P) is 
independent of J 7 ^ oc . Consequently, taking into account that <;(re) = P-a.e., we have 

B[(ft??)(r/)|^ i00 ] = £fofa)]0(7-/)c = £[#(7,)? = P[M-^ V ^ i00 ](r/), P-a.s., 

and from the monotone class theorem we conclude that, for all 9 G J 7 ^,, P), 

£[0(t,)|.F; iOO ] = E[9\J* 0>t V .^.Jfa), P-a.s., £ > 1. 

Thus, £[C|^, J = PICMIJI J = P[C|^,, V J^Jfa), P-a.s., £ > 1. 

As E[C\T' e oo } -> E[(\ f] e >i T' e oo } = E[C], as £ -> 00, P-a.s., and in L 1 , it follows that 

P[|P[C|-P^]-P[C]|] 
= P[|P[P[C|J^ V J^.J - E[(]\T>J\} 
<E[\E[C\Ti t WT^J-E[C}\] 

= E[\E[C\F 0it V F^Jin) - E[Q\] (Recall : P o [ Tl ]^ = P) 
= E[\E[C,\r ioo ]-E[C]\]^Q, as £^+00. 

Consequently, P[C|J"q £ ] -> P[(] in L 1 , as £ ->• 00. But, on the other hand, E[(\T^ e } -s> PlCI-^o.oo] = C, in 
i 1 , as ^ -> 00. This shows that ( = E[(], P-a.s. □ 

Remark 3.2. From Lemma 3.2 we know W(t, x) is independent of Ft- 
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The first property of the lower value function W(t, x) which we present is an immediate consequence 
of its definition (3.9) and the Lipschitz property (3.6) of the cost functionals. 



Lemma 3.3. There exists a constant C > such that, for all 1 < t < T, x, x' € K™, 

(i) \W(t,x)-W(t,x')\<C\x-x'\; 

(ii) \W(t,x)\<C(l + \x\). { • > 

□ 



We now discuss (the generalized) dynamic programming principle (DPP) for our stochastic differential 
game (3.1), (3.5) and (3.9). For this end we have to define the family of (backward) semigroups associated 
with BSDE (3.5). This notion of the stochastic backward semigroup was first introduced by Peng [TB] which 
was applied to study the DPP for stochastic control problems in the framework of Brownian motion. Our 
approach adapts Peng's ideas to the framework of stochastic differential games with jumps. 

Given the initial data (t,x), a positive number 5 < T — t, admissible control processes it(-) € 
Ut } t+s, v{') £ Vt,t+s and a real-valued random variable rj 6 L 2 {Q,, Ft+8, P\ R)j we put 

Glj+fM :=Y*' X ' U ' V , 8€[t,t + S\, (3.14) 

where {Y*' x ' u ' v ,Z\' X ' U ' V ,k^ x '^ v ) t < 8 < t+ 6 is the solution of the following BSDE with the time horizon t + 5: 

_ d Yt,x-,u,v = j( Sj xl' x ' u ' v , Y*' x ' u ' v , Z t s ' x ' u ' v , J E K t s ' x ' u ' v (e)l[X t s ' x ' u ' v , e)A(de), u s , v s )ds 

-Zl^ u ' v dB s - J E Kl^ v (e)Jl(ds,de), s€[t,t + S], (3.15) 

r t+s — Vi 

where X l ' x > u ' v is the solution of SDE (3.1). 

Remark 3.3. When f is independent of (y, z, k) it holds that 

i-t+S 

G^VTM - E[ V + j f(r,X^ u ' v ,u r ,v r )dr\F s ], s G [t,t + S]. 
Obviously, for the solution (y*><w, z^w, K t ' x ' u ' v ) of BSDE (3.5) we have 

t,T W A T )l ~ U t,t+6 i Y t+8 I- (S.i-b) 

Moreover, 

T t -l \ -trt,x:u,v j^t,x\u,v r i / v t,x:u,v\i y^it,x-u,v r-trt,x\u,v\ 

J(t,x;u,v) = Y t ' =G t y [${Xj )} =G^i [Y t ^ } 

Gt,x:u,vv j/, i c v t.x:u,v \i 

Theorem 3.1. Under the assumptions (H3.1) and (H3.2), the lower value function W(t,x) obeys the fol- 
lowing DPP : For any < t < t + 6 < T, x G W\ 

W(t,x) = essmf 0eBtt+s esssu PueUtt+5 Gl: x t ^ (3.17) 

The proof is given in Section 6.2 of the Appendix since it is quite lengthy. 

In Lemma 3.3 we have already seen that the lower value function W(t, x) is Lipschitz continuous in x, 
uniformly in t. With the help of Theorem 3.1 we can now also study the continuity property of W(t, x) in t. 

Theorem 3.2. Let us suppose that the assumptions (H3.1) and (H3.2) hold. Then the lower value function 
W(t,x) is \— Holder continuous in t: there exists a constant C such that, for every x £ R ra , t,t' £ [0, T], 

\W(t,x) - W(t',x)\ < C(l + |a:|)|f - 
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Proof: Let (t, x) e [0,T] x M" and d > be arbitrarily given such that < 8 < T — t. Our objective is to 
prove the following inequality by using (6.21) and (6.22) in the Appendix: 

-C(l + \x\)8* <W(t,x)-W(t + 8,x)<C(l + \x\)8?. (3.18) 

From it we obtain immediately that W is |— Holder continuous in t. We will only check the second inequality 
in (3.18), the first one can be shown in a similar way. To this end we note that due to (6.21), for an arbitrarily 
small e > 0, 

W{t, x) - W(t + 8,x)< 1} + I} + e, (3.19) 

where 

I 2 := Gt : ^ ue \w(t + S,x)]-W(t + S,x), 

for arbitrarily chosen (3 <G Bt.t+s and u £ <G Ut,t+s such that (6.21) holds. From Lemma 2.3 and the estimate 
(3.13)-(i) we obtain that, for some constant C independent of the controls u £ and (3(u £ ), 

< [CE{\W{t + 8,xl'*f'P (ue) )-W{t + 8,x)\ 2 \F t )\? 

< [CEUXgf'W -x\*\? t )]l, 

and since E[\Xl' x f^ (ue) - x\ 2 \T t ] < C(l + |a;| 2 )<5 we deduce that \l}\ < C(l + \x\)6? . From the definition 
of Gj'^ \-] (see (3.14)) we know that the second term I 2 can be written as 

I 2 = E[W(t + S,x) + j* +S f{s, I |^« e ^» e ) ] y s '^» [ ^« e ) ] 2f;« e .«« e )j £ Kl' x ' ue 'P {ue \e) 
l{xT^ Mue) , e)A(de), u% /3 s (u £ ))ds 

_jt+s z t,x;u<,W) dBa - ^+ 5 ) E Kl' x ' ue '^ ue \e)Ji{ds,de)\F t ] - W(t + S,x) 
= E[J t t+5 f(a, xi' x -' u '>K"'\Y;* ,u ''M u '\%* ,u ''K"'\f E kT^ Mue \e)l{xT ;ueji{ue \e)\{de), 
ulP s (u £ ))ds\T t ], 

where Mu * ] , -£(" £ ) , kT' uC J3{uE) )t< s <t+5 is the solution of BSDE (3.15) with the terminal con- 

dition r\ = Wit + 6, x). And with the help of the Schwartz inequality, the estimates (3.3) and (6.4)-(i) in the 
Appendix, we then have that, for some constant CeK not depending on t and 8, 

< ^E[j t t+S |/( S , xl' x ' ueMuS) , y!< x ' u °>w\ j e Kt' x '' ue ' 0{ue \e)i{xl> x '' ue > 0{ue \e) 

\(de) 7 ul,f3 s (u £ ))\ 2 ds\F t ]i 

< S^E{J* +S (Jf( s , xT^^ {uE \Q, 0, 0, u% f3 s (u £ ))\ + c\Y^ XiU '' PW \ + C \zt' XiU ' ' PW \ 

+q/ £ X*' 3;; " e ^ (tte) (e)/(A s t ' a;; " e ' /3(ttE) ,e)A(de)|) 2 d S |J- t ]^ 

< C8^E[J t t+S (l + \X t a ' xiu '' fi{u ' ) \ 2 + \Y*' xiu ''^\ 2 + |^t,x;« £ ,/3(«=)| 2 

+ J E \Kl' x ^ Mul (e)\ 2 X(de))d S \T t ]i 
<C(l + \x\)6*. 

Hence, from (3.19), 

W(t, x) - W(t + 8,x)< C{1 + \x\)8i + e, 
and letting e | we get the second inequality of (3.18). The proof is complete. □ 

4 Viscosity solutions of Isaacs' equations with integral-differential operators 

In this section we consider the following second order integral-partial differential equations of Isaacs' 

type 

£ t W(t,x) + H-(t,x,W,DW,D 2 W) = 0, M)£[0,T)xr, 
W{T,x) = $(ar), x e R n , 1 ' ' 
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and 

£ t u(t,x) + H+(t,x,u,DU,D 2 u) = o, (M)e[o,r)xr ) 

U(T,x) = 1 ' j 

Their Hamiltonians are given by 

#-(t, a;, W, DW, D 2 W) = swp ueU m! veV H(t, x, W, DW, D 2 W, u, v) 

and 

H+(t, x, U, DU, D 2 U) = M veV sup ueU H(t, x, U, DU, D 2 U, u, v), 

respectively, where 

H(t, x, V,D$>, D 2 ^,u,v) = \tr{ao- T (t,x,u,v)D 2 ^) + D^.b(t,x,u,v) 

+ j E (^(t, x + 7(i, x, u, v, e)) - *(t, x) - DW(t, x).j(t, x, u, v, e))X(de) 
+f(t, x, ^(t, x),D^(t, x).a(t, x, u, v), J E (^(t, x + j(t, x, u, v, e)) - x))l(x, e)X(de), u, v), 

* = Wor U, resp., (t, x, u, v) e [0,T]xl"x[/x V. Here the functions b, a, f and $ are supposed to satisfy 
(H3.1) and (H3.2), respectively. 

In this section we want to prove that the lower value function W(t, x) introduced by (3.9) is the 
viscosity solution of equation (4.1), while the upper value function U(t, x) defined by (3.10) is the viscosity 
solution of equation (4.2). For this we translate Peng's BSDE approach [T5] developed in the framework of 
stochastic control theory driven by Brownian motion into that of the stochastic differential games driven by 
Brownian motion and Poisson random measure. Uniqueness of the viscosity solution will be shown in the 
next section for the class of continuous functions satisfying some growth assumption which is weaker than 
the polynomial growth condition. We first recall the definition of a viscosity solution of equation (4.1). The 
definition is analogous for equation (4.2). The reader more interested in viscosity solutions is referred to 
Crandall, Ishii and Lions [6]. 

Remark 4.1. We should assume here that there exists a constant C such that 

|p(e)| < C(l A |e|), for all e E E. (H4.I) 

This assumption (H^.l) is only necessary for the definition 4.1 of the viscosity solution. If Definition J^.l is 
restricted to W of linear growth then assumption (HJ^.l) is not necessary. Notice that W defined by (3.9) 
has this linear growth property. 

Definition 4.1. A real-valued continuous function W E C([0, T] x M" ) is called 

(i) a viscosity subsolution of equation (4-1) if W(T,x) < $(x), for all x E l n , and if for all functions 
tp E Cf b ([0,T] x R") and (t,x) E [0, T) x 1" such that W — <p attains a local maximum at (t,x), 



§f (i, z) + sup uEU inf vev {A u >*v(t, x) + B s ' u v (W, <p) (t, x) 

+/(*, x, W(t, x),D<p(t, x).a(t, x, u, v),C 5 ' u ' v {W, <p)(t, x),u, v)} > 0, 

for any S > 0, where 

A u ' v tp(t, x) = ^tr(aa T (t, x, u, v)D 2 tp(t, x)) + Dtp(t, x).b(t, x, u, v), 

B 5 ' U ' V (W, <p)(t, x) = J Eg (<p(t, x + j(t, x, u, v, e)) - ip(t, x) - Dcp(t, x).j(t, x, u, v, e))X(de) 

+ J E c (W(t, x + j(t, x, u, v,e)) — W(t, x) — D(p(t, x).^(t, x, u, v, e))X(de), 

and 

C'w(W,<p)(t,x) = J Es (^(t,x + 1 (t,x,u,v,e))-^(t,x))l(x,e)X(de) 

+ J E c (W(t, x + 7(i, x, u, v, e)) - W(t, x))l(x, e)X(de), 
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(4.3) 



with Eg = {e G E\\e\ < 5}. 

(ii) a viscosity supersolution of equation (4-1) if W(T,x) > $>{x),for all x £ M n , and if for all functions 
ip e Cf b ([0,T] x MP) and (t,x) € [0, T) x R n sucft iftai W — ip attains a local minimum at (t,x), 



%(t,x) + su PueU inf veV {A^ip(t,x) + B s w(W,<p)(t,x) 

+f{t, x, W(t, x),D<p(t, x).a{t, x, u, v), C S ' U ' V (W, <p)(t, x),u, «)} < 0. 



(4.4) 



(iii) a viscosity solution of equation (4-1) if it is both a viscosity sub- and a supersolution of equation (4-1). 

Remark 4.2. Cf b ([0,T] x 1") denotes the set of real-valued functions that are continuously differ entiable 
up to the third order and whose derivatives of order from 1 to 3 are bounded. 

In analogy to [T| we have the following result: 

Lemma 4.1. In the definition of W being a viscosity sub- (resp., super-) solution of (4-1), we can replace 

B S ' u > v (W,(p)(t,x) = B u ' v (p(t,x), 
C 5 ' u ' v (W,ip)(t,x) = C u ' v (p(t,x), 

where 

B u ' v ip(t, x) = f E (<p(t, x + j(t, x, u, v, e)) — <p(t, x) — Dip(t, x).j(t, x, u, v, e))X(de), 
C u > v (p(t, x) = J E (tp(t, x + 7(t, x, u, v, e)) - (p(t, x))l(x, e)X(de). 

Proof: We only consider the subsolution case, the supersolution case can be treated analogously. 
If (t, x) <E [0,T) x M n such that W — ip attains a global maximum at (t,x) we have W(s,y) — ip(s,y) < 
W{t,x)-(p(t,x), for all (s, y) G [0, T] x M n , Therefore, W(t,y)- W[t, x) < <p{t,y)-<p(t, x), for any y e M n 
and this yields, for any 6 > 0, 

B 5 ' u < v (W,tp)(t,x) < B u < v tp(t,x), 
C s ' u < v (W,tp){t,x) < C u ' v ip(t,x). 

Because / is increasing in k, from (4.3) we get 

x) + sup uEU mU, eV {A u > v ip{t, x) + B^y{t, x) 
+f(t, x, W(t, x), D(p.a(t, x, u, v), C u ' v (p(t, x), u, v)}>0. [ ' ' 

It remains to show this last condition (4.5) implies (4.3). Changing ip into ip — ((p(t,x) — W(t,xj), we may 
assume that W(t, x) = cp(t, x). Then W(s, y) < (p(s, y), for all (s, y) <E [0, T] x MP. Moreover, we may assume 
without loss of generality that, 

(i) for all a > 0, there exists some r/ a > 0, with r\ a — > as a — > 0, such that, for all 
( S ,2/) G [0,T] x MP with \(s,y) - (t,x)\ > a, <p(s,y) - W(s,y) > n a . 

Furthermore, there exists a sequence of elements ip a in Cf b ([0,T] x M n ) with the following properties: 

(ii) <p a (s,y) = tp{s,y) > W(s,y), if \(s,y) - (t,x)\ £ (a, i); 

(iii) <p a (s,y) > W(s,y), if a < \(s,y) - (t,x)\ < ±; 

(iv) ip a {s,y) <W{s,y)+r la , if 3a < \(s, y) - (*, x)\ < ± - 2a; 

(v) <p a (s,y) < <p(s,y), for all (s,y) e [0,T] x MP; 

(vi) There exists some p a > with p a — > (a J, 0) such that 

< ¥> a (s,y) - W(s,y) < p Q , for all (s, y) satisfying \ (s,y) - (t,x)\ < ^ - 2a. 

Then, obviously, we have Dip a (t,x) = D(p(t, x), 9<Pa ^ ,x ' = d{p g^ , D 2 ip a (t, x) — D 2 tp(t,x). Thus, since 
ip a (t,x) — W(t, x) and <p a (s,y) > W(s, y), it follows from (4.5) that 

+ suv ueU wf veV {A^<p a {t,x) + B u <"<p a (t,x) 
+f(t, x, W(t, x),Dip a .a(t, x, u, v), C u > v (p a (t, x), u, v)} > 0. 
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From the above property (v) and the monotonicity of /, we get 

^2 + SVL p ueU M veV {A^p(t, x) + B 6 ^{ip a ,<p){t, x) 

+f(t, x 7 W(t, x), Dip.a{t, x, u, v), C 5 ' u ' v {ip a7 ip)(t, x), u, v)} > 0. 

Finally, by (vi) and the Lebesgue dominated convergence theorem we deduce that 

lim sup u&u M veV B s > u ' v {tp a , <p)(t, x) = sup u&u mi veV B s > u < v (W, <p)(t, x); 

lim sup u<EU mi veV C S ' u ' v {ip a , <p)(t, x) = sup ueU mi veV C S ' u ' v (W, tp)(t, x). 
Indeed, since (p a (t, .), W(t, .) are continuous and coincide in x we get 

\B s > u > v (<p a ,<p)(t, x) - B S ^ V (W, <p)(t, x)\ 

< f E c \<fia(t, x + 7(4, x, u, v, e)) — W(t, x + 7(t, x, u, v, e))|A(de) 

< p a X{Ef] + C J E c I{\~f(t,x,u,v,e)\>±-2a}Hde) 

— > (a — > 0) uniformly in (u, v) € U x V. 

The second convergence uses the same argument. Therefore, letting e — > in the above estimate yields the 
desired result. □ 

Remark 4.3. As concerns the construction of the sequence (<p a ), we also refer the reader to Remark 4-3 
in Li and Peng \fflj. 

Let us now first prove that the lower value function W(t, x) is a viscosity solution of equation (4.1). 

Theorem 4.1. Under the assumptions (H3.1) and (H3.2) the lower value function W(t, x) is a viscosity 
solution of equation (4-1). 

For the proof of this theorem we need four auxiliary lemmas. To abbreviate notation we put, for some 
arbitrarily chosen but fixed ip G C? b ([0,T] x R"), 

F(s, x, y, z, k, u, v) = |j</?(s, x) + A u > v ip(s, x) + B u ' v tp(s, x) ^ g . 

+/(s, x, y + cp(s, x), z + D<p(s, x).cr(s, x, u, v), J E k(e)l(x, e)\(de) + C u ' v ip(s, x),u, v), 

(s, x, y, z, k, u, v) G [0, T] x R n x K x R d x L 2 (E, B(E),X; K) x U x V, and we consider the following BSDE 
defined on the interval [t,t + 5] (0 < 8 < T - t) : 

_ dY i,u,v = F(s, Xl ,x ' u,v , Y^' u,v , Zl' u > v , K]' u ' v , u s , v s )ds — Zl> u ' v dB s — J K^' u,v {e)]l{ds, de), 

V hu,v _ n - (4-0 

X t+S — u > 

where the process X t,x ' u ' v has been introduced by equation (3.1) and u(-) G Ut.t+s, «(•) G Vt,f+5- 

Remark 4.4. /£ is not hard to check that F(s, Xl' x ' ,u ' v , y, z, k, u s , v s ) satisfies (Al) and (A2). Thus, due to 
Lemma 2.1, equation (4-7) has a unique solution. 

We can characterize the solution process Y 1 ' u ' v as follows: 

Lemma 4.2. For every s G [t, t + 8], we have the following relationship: 

yl, VtV = G t,^, V ^ + ^ _ ^ X t m)) p_ a s {4 _ 8) 

Proof: We recall that G*' *'?g V [tp(t + 8, X t 'f$ u ' v )] is defined with the help of the solution of the BSDE 

-dY s u > v = f{s 1 Xl^ v 1 Y^ v ,Zf v 1 j E K^ v {e)l{X t s ^ v ,e)\{de),u Sl v s )ds - Zf v dB s 
-f E K?"(e)Jt(d8,de), ' se[t,t + 8], 

\rU,V /, | £ v t,x:u,v\ 

Y t+S = W + *.-^t+« )i 
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by the following formula: 

(%^ v Mt + 6,X t ™ v )]=Y?' v , s€[t,t + S] (4.9) 

(see (3.14)). Therefore, we only need to prove that Y^> v — <p(s, Xl' x ' u ' v ) = Yj-> u ' v . This result can be 
obtained easily by applying Ito's formula to ip(s, Xp x ' v ' v ). Indeed, we get that the stochastic differentials of 
Y?< v -<p(s, Xl' x ' u ' v ) and Y*' u > v coincide, while at the terminal time t+S, Y t u + v s ~ip(t+6, X^ u ' v ) = = Y^ v ■ 
So the proof is complete. □ 

Now we consider the following simple BSDE in which the driving process X t ' x ' u ' v is replaced by its 
deterministic initial value x: 



dY 2,u,v = F(s,x,Y2> u ' v ,Z*> u ' v ,K*> u ' v ,u s ,v s )ds - Z 2 ^ v dB s - f E K 2 ' u > v (e)ji(ds,de), 



Y t+S =0, se [t,t + S], 



where u(-) € Ut,t+8, «(•) € Vt,t+s- The following lemma will allow us to neglect the difference \Y t ' u,v — Y t 
for sufficiently small 5 > 0. 

Lemma 4.3. For every u G Ut,t+s, v G Vt,t+s, we have 
where C is independent of the control processes u and v. 

Proof: From Proposition 1.1 in p], we have for all p > 2 the existence of some C p £ M + such that 

E[ sup \xy x > u ' v - x\ p \T t ] < C p 6(l + \x\P) : P-a.s., uniformly in u G U t ,t+6, « € V tl t+5- (4.12) 

t<s<t+S 

We now apply Lemma 2.3 combined with (4.12) to equations (4.7) and (4.10). For this we set in Lemma 2.3: 

& = 6 = 0, g{s, y, z) = F(s, X^ x ^- V ', y, z, fc, u s , u s ), 

Obviously, the function g is Lipschitz with respect to {y, z, k). We also notice that 

B UtV (p(s, x) — J E (ip(s, x + 7(s, x, u, v, e)) — ip(s, x) — D(p.j(s, x, u, v, e))X(de) 

— J E f Q (1 — 8)tr(D 2 (p(s, x + 9j(s, x, u, v, e))jj T (s, x, u, v, e))d8X(de); 

C u ' v (p(s, x) = f E ((p(s, x + j(s, x, u, v, e)) — <p(s, x))l(x, e)X(de) 

= J E D<p(s, x + 9j(s, x, u, v, e))j(s, x, u, v, e)d0l(x, e)A(cfe). 

Then, we can get \<p 2 (s)\ < (7(1 + \x\ 2 ){\Xl' x < u > v - x\ + \Xl' x ' u ' v - x\ 3 ), for s <= [t,t + S], (t,x) € [0,T) x R", 
u 6 Ut,t+S, v G Vt,t+8- Thus, with the notation po(r) = (1 + |a;| 2 )(r + r 3 ), r > 0, we have 

s [/ t ^+^ (l r s 1 ' ^1 ' , ' " i?'"'T + \Zl' u ' v ~ ^ s 2 '"'1 2 )rfs|^] 

+J B[/ t t+5 / £ |^."(e) - K 2 ^{e)\ 2 \{de)ds\F t ] 
<CE[f t +S p£{\X*>*M -x\)ds\T t ] 
<CSE[ sup fiQXtw - x\)\F t ] 



Therefore, 



t<s<t+S 

<CS 2 . ' 



= \E[5l +5 {F{s, Xi<*^, Yg ,u ' v , Zj"'. A J "'.,/.. v.) 

-F(s, x, Y^\ Z 2 S ^\ w .))ds| 

< CE[f t +S { Pa (\X^ x ^ v - x\) + \Y^ V - Y 2 ^ v \ + \Zl' u ' v - Z 2 s ^ v \)ds\F t ] 

+CE[ft t+5 \ f E (Kl^(e)-K^(e))l(x,e)\{de)\ds\F t ] 

< CE[J t t+S Po (\X^ x ^ v - x\)ds\T t ] + C6?{E[f{ +S \Yj-' u ' v - Y 2 ^ v \ 2 ds\ F t ]i 
+E[f t +S \Z\w - Z 2 ^\ 2 ds\F t ]^ + E[f t +S J E \K]^(e) - K 2 ^(e)\ 2 \(de)ds\ ft]*} 

< CSi. 
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Thus, the proof is complete. 

Lemma 4.4. Let Yq(-) be the solution of the following ordinary differential equation: 



-Yo(s) = F {s,x,Y {s),0,0), se[t,t + S\, 
(t + S) = 0, 



where the function F is defined by 



F (s,x,y,z,k) = sup ueU inf veV F(s,x,y,z,k,u,v), 
(s,x,y,z,k) e [0,T] x M™ x R x R d x L 2 (E,B(E),X;R). 



(4.13) 



(4.14) 



Then, P-a.s., 



esssup uelltt+e essinf veVtt+s Y t 2 ' u ' v = Y (t). (4.15) 

Proof: Obviously, Fo(s,x,y, z,k) is Lipschitz in (y,z,k), uniformly with respect to (s,x). This guarantees 
the existence and uniqueness for equation (4.13). We first introduce the function 



Fi(s,x,y,z,k,u) = mf veV F(s,x,y,z,k,u,v), 

(s, x, y, z, k, u) e [0, r] x I™ x 1 x I d x L 2 (E, B(E),X; M) x U, 



2^ ar^ t 4 ^) 



and consider the BSDE 

f -dY 3 ' u = F^xrf^Z^K^u,)^- Z^dB a - J E K^(e)Ji(ds,de), 

\ F t 3 - = 0, s€[t,t + S\, ( ^ U) 

for u e Ut,t+6- We notice that since Fi(s 7 x 7 y,z,k,u s ) is Lipschitz in (y 7 z 7 k), for every u € li t ,t+6, there 
exists a unique solution (Y 3 - u , Z 3 - u , K 3 - u ) to the BSDE (4.17). Moreover, 

Y t 3 ' u = essinf„ ( . )eVt t+5 Y?' u ' v , P-a.s., for all u € W t ,t+«. 

Indeed, from the definition of iq and Lemma 2.2 (comparison theorem) we have 

Y 3 ' u < essinf v (: )( z Vt t+ti Y t 2 ' u,v , P-a.s., for all u € U t ,t+s- 

On the other hand, there exists a measurable function « 3 :[f,T]xI™xIRxI ,i xIx[/4f such that 

Fi(s, x 7 y, z, k, u) — F(s 7 x, y, z, k, u, v 3 (s, x, y, z, k, u)), for any s, x, y, z, k, u. 

Then, given an arbitrary u <G Ut,t+6 we put 

v 3 :=v 3 ( S ,x,Y 3 ' U ,Z 3 s ^,K 3 ^,u s ), se[t,t + 8\, 

and observe that v 3 € Vt,t+s, an d 

F4s,x,Y 3 ' u ,Z 3 ' u ,K 3 ' u ,u s ) = F(s,x,Y 3 ' u ,Z 3 ' u ,K 3 ' u ,u s ,v 3 ), se[t,t + S\. 

Consequently, from the uniqueness of the solution of the BSDE it follows that 

^Y3,u g3,u J^3,u^ ^y2,u,v 3 g2,u,v 3 j^2,u,v 3 ^ 

and, in particular, Y 3 ' u — Y 2,u ' v , P-a.s. This proves that 

Y 3 ' u = essmi v&Vt t+s Y t 2,u ' v , P-a.s., for all u e U t ,t+s- 

Finally, since F (s, x, y, z, k) — sup ueU Fi(s, x, y, z, k, u), an argument similar to that developed above yields 

Y Q (t) = esssup ueUtt+s Y 3 ' u (= esssup lieWtit+(S essinf t , eVt , t+ ,y t 2 ' u ' t '), P-a.s. 

It uses the fact that equation (4.13) can be considered as a BSDE with solution (Y S ,Z S , K s ) = (Y (s), 0, 0). 
The proof is complete. □ 
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Lemma 4.5. For every u G U t ,t+6,v G V^t+a, we have 

E[Jt +S \Y?" v \d8\F t ] + E[J t t+S \Z 2 ^\ds\F t ] + E[J t t+S | J E W(e)l(x, e)X(de)\ds\T t ] 

<Cdi, P-a.3., ' 

where the constant C is independent oft, S and the control processes u, v. 

Proof: Since F(s,x, ■, •, -,u, v) has a linear growth in (y,z,k), uniformly in (u,v), we get from Lemma 2.3 
that, for some constant C independent of S and the control processes u, v, P-a.s., 

•t+5 



rt+o 

Y 2,u,vf < c6 ^ £j / \ Z 2 ^ v \ 2 dr\F s ] < CS, 

J s 



E[f f \Kl' u ' v {e)\ 2 \{de)dr\T s ] < CS, t < s < t + S. 

J s J E 

On the other hand, from equation (4.10), 

|yW| < E[ f+S \ F (r,x,Y 2 ^,Z 2 ^,K 2 ^,u r ,Vr)\dr\T s } 

< CE{f s + \l + \x\ 2 + \Y 2 ^\ + \Z 2 ^\ + | J E K 2 ^(e)l(x,e)\(de)\)dr\F s } 

< CS + CV6(E[f? S \Z 2 ^\ 2 dr\ F 8 ])h+ CV5{E[jl +S J E \K 2 r '^ (e)\ 2 \(de)dr\F s ])^ 

< CS, P-a.s., s €[t,t + S], 

and, applying Ito formula to IT^ 2 '"'"! 2 we can get 
t-t+s f t+s 



ri-t-o ri-t-o i- 

E[ \Z 2 - u > v \ 2 ds\T t ]+E[ / \K 2 - U ' V (e)\ 2 X(de)ds\J r t ] < CS 2 , P-a.s. 

Jt Jt J E 



Finally, 



E[ jt+s \^\ds\T t ] + E[ jt+s l2 *M\ds\r t ] + E[jl +S | J E K 2 s ^(e)l{x, e)\(de)\ds\T t ] 
<CS 2 + sHE[j-l +S \Z 2 ^\ 2 d s \F t ]}UC5HE[^ 
<CSi, P-a.s. 

The proof is complete. □ 

Now we are able to give the proof of Theorem 4.1: 
Proof: (1) Obviously, W(T,x) — &(x), x G M™. Let us show in a first step that W is a viscosity superso- 
lution. For this we suppose that ip G Cf b ([0,T] x M"), and (t,x) G [0,T) x M™ are such that W — ip attains 
a minimum at (t,x). Notice that we can replace the condition of a local minimum by that of a global one 
in the definition of the viscosity supersolution since W is continuous and of at most linear growth. Without 
loss of generality we may also suppose that ip(t, x) — W(t, x). Then, due to the DPP (see Theorem 3.1), 

p{t,x) = W{t,x) = essinf^ et , t+ ,esssup MeWM+i G;:^/ (M) [VF(i + 5,X^' PW )], < S < T t, 

and from W > p and the monotonicity property of G*'^^^ [■] (see Lemma 2.2) we obtain 

cssinf^ eet t+a esssup„ eWt>t+a {G^;"/ ( " ) [^(t + S,X t t ^ u Mu) )} - p(t,x)} < 0, P-a.s. 
Thus, from Lemma 4.2, 

essinf> eBt t+ ,esssup u£t/t t+5 Y^ uMu) < 0, P-a.s., 
and further, from Lemma 4.3 we have 

essinf^ eet t+a esssup MeWt t+a r t 2 ' ,t ' /3(u) < CS^ , P-a.s. 
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Consequently, since essinf„ e y t t+8 Y^' u ''" < Y^' u '^^ u \ f3 e B t ,t+s, we get 

esssup MeWt>t+a essinf„ eVtt+ ,}f < essmfy eBtt+s csssup ueUtt+s Y t 2 ' uJ3{u} < Cdi , P-a.s., 
and Lemma 4.4 implies 

Y (t) < CSi, P-a.s., 
where Yq is the unique solution of equation (4.13). It then follows easily that 

sup ueU inf veV F(t, x, 0, 0, 0, u, v) = F (t, x, 0, 0, 0) < 0, 

and from the definition of F we see that W is a viscosity supersolution of equation (4.1). 

(2) The second step is devoted to the proof that W is a viscosity subsolution. For this we suppose 
that tp e C z 3 b ([0, T] x R n ) and (t, x) E [0, T) x M™ are such that W - ip attains a maximum at (t, x). Without 
loss of generality we suppose again ip(t, x) = W(t, x). We must prove that 

sup uei7 inf„ e yF(i, x, 0, 0, 0, u, v) = F (t, x, 0, 0, 0) > 0. 

Let us suppose that this is not true. Then there exists some 9 > such that 

F (t, x, 0, 0, 0) = sup ueU mi veV F(t, x, 0, 0, 0, u, v) < -6 < 0, (4.19) 

and we can find a measurable function ip : U —¥ V such that 

3 

F(t, x, 0, 0, 0, u, i>(u)) < --6, for all u e U. 

Moreover, since F(-,x,0,0,0,-,-) is uniformly continuous on [0, T] x U x V there exists some T — t > R > 
such that 

F(s,x,0,0,0,u,ip(u)) < --6, for all u e C/and \s - t\ < R. (4.20) 
On the other hand, due to the DPP (see Theorem 3.1), for every 5 € (0, R], 

^,x) = t^M) = cssinf, eet , t+ ,esssu Pue ^ 
and from W < (p and the monotonicity property of c*>^>^(") [.] ( see Lemma 2.2) we obtain 

essinf^ eet t+(S esssup„ eWt>t+a {G^;"/ ( " ) [^(t + <f,X*£j u,/3(u) )] - ip(t,x)} > 0, P-a.s. 
Thus, from Lemma 4.2, 

essinf^ eBt t+ ,esssup u£t/t t+s Y^ uMu) > 0, P-a.s., 

and, in particular, 

esssup ueUt t+s Y t huMu} > 0, P-a.s. 

Here, by putting ip s (u)(ui) = ip(u s (oj)), (s,ui) € [t,T] x O, we identify ip as an clement of Bt.t+s- Given an 
arbitrarily e > we can choose u e £ Ut,t+8 such that Y^' u ' > —eS (similar to the proof of (6.21)). 
From Lemma 4.3 we further have 

Y 2,u',^') > _ CS I _ ^ P _ a . s . (4.2i) 

Taking into account that 

/t+s 
F(s, x, ^/it"^^/,*^)^^/,*^)^^ iP s {u'))ds\ F t ] 
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we get from the Lipschitz property of F in (y, z, k), (4.20) and Lemma 4.5 that 

Y 2,u*Mun < E[j t t+ \c\Y s 2 ' ue ^ (uC) \ + c\z 2 s > uC ^ {ue) \ + c\f E 

+F{ Sl x,0,0,Q,ul,Mu £ )))ds\T t } (4.22) 
< C5i - ±6><5, P-a.s. 

From (4.21) and (4.22), - e< C6? - \6, P-a.s. Letting 510, and then e|0we deduce < which 

induces a contradiction. Therefore, 

F (t, x, 0, 0, 0) = sup ueU mi veV F(t, x, 0, 0, 0, u, v) > 0, 

and from the definition of F, we know that W is a viscosity subsolution of equation (4.1). Finally, the results 
from the first and the second step prove that W is a viscosity solution of equation (4.1). □ 

Remark 4.5. Similarly, we can prove that U is a viscosity solution of equation (4-2). 
5 Viscosity Solution of Isaacs' Equation: Uniqueness Theorem 



The objective of this section is to study the uniqueness of the viscosity solution of Isaacs' equation (4.1), 

(5.1) 



f t W(t,x) + H-{t,x,W,DW,D 2 W) = 0, (t,x) £ [0,T) 



W{T,x) = <&{x), x£R n . 



Recall that 



H-(t, x, W, DW, D 2 W) = sup uet/ inf„ 6 y {\tr{aa T (t, x, u, v)D 2 W) + DW.b(t, x, u, v) 

+ x + 7(*> x > M : u : e )) ~ x ) ~ DW.j(t, x, u, v 7 e))X(de) 

+f(t, x, W(t, x),DW.a(t, x, u, v),J E (W(t, x + j(t, x, u, v, e)) — W(t, x))l(x, e)A(de), u, v)}, 

where t £ [0, T], x £ R". The functions b,cr,f and $ are still supposed to satisfy (H3.1) and (H3.2), 
respectively. 

We will prove the uniqueness for equation (5.1) in the following space of continuous functions 
e = {(fi£ C([0, T] x 1") : 3 A > such that 

lim| :cKoo ^(t,x)exp{-2[log((|a:| 2 + l)^)] 2 } = 0, uniformly in * £ [0,T]}. 

This space of continuous functions is endowed with a growth condition which is slightly weaker than the 
assumption of polynomial growth but more restrictive than that of exponential growth. This growth condition 
was introduced by Barles, Buckdahn and Pardoux [1 and Barles and Imbert [2] to prove the uniqueness of the 
viscosity solution of an integral-partial differential equation associated with a decoupled FBSDE with jumps 
but without controls. It was shown in [1] that this kind of growth condition is optimal for the uniqueness 
and can not be weakened in general. We adapt the ideas developed in p] to Isaacs' equation (5.1) to prove 
the uniqueness of the viscosity solution in 6. Since the proof of the uniqueness in 9 for equation (4.2) is 
essentially the same we will restrict ourselves to that of (5.1). Before stating the main result of this section, 
let us begin with two auxiliary lemmata. Denoting by if a Lipschitz constant of f(t, ., ., ., ., u, v), which is 
uniformly in (t, u, v), we have the following 

Lemma 5.1. Let U\ £ O be a viscosity subsolution and U2 £ be a viscosity super solution of equation 
(5.1). Then the function uj := u\ — Ui is a viscosity subsolution of the equation 

^w(t,x) + sup ueU>veV {A u ' v u)(t,x) + B u ' v u)(t,x) + K\u(t,x)\ + K\Du(t,x).a(t,x,u,v)\ 

+ K(C u ' v uj{t,x))+} = 0, (t, x) £ [0, T) x R™, (5.2) 

u(T,x) = Q, x£W\ 
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The proof of this lemma follows directly from that of Lemma 3.7 in [T] with the help of Lemma 1 (Nonlocal 
Jensen- Ishii's Lemma) in Barles and Imbert [2]. 
Now we can prove the uniqueness theorem. 



Theorem 5.1. We assume that (H3.1) and (H3.2) hold. Let u± (resp., u 2 ) £ <d be a viscosity subsolution 
(resp., supersolution) of equation (5.1). Then we have 

ui(t,x) < u 2 (t,x), for all (t, x) E [0, T] x 1". (5.3) 

Proof. Let us first suppose that u\ and u 2 are bounded and put wi := u\ — u 2 . Theorem 4.1 in [2 j establishes 
a comparison principle for bounded sub- and supersolutions of Hamilton- Jacobi-Bellman equations with 
nonlocal term of type (5.2). We know from Lemma 5.1 that u)\ is a viscosity subsolution of equation (5.2). 
On the other hand, u 2 — is, obviously, a viscosity solution and, hence, also a viscosity supersolution of 
equation (5.2). Both functions uj\ and uj 2 are bounded, and the comparison principle stated in Theorem 4.1 
in [2] yields that u\ — u 2 = w\ < co 2 = 0, i.e., ui < u 2 on [0, T] x R n . Finally, if u\, u 2 are viscosity solutions 
of (5.2), they are both viscosity sub- and supersolution, and from the just proved comparison result we get 
the equality of u\ and u 2 . However, under our stand assumptions we can not expect that W is bounded, so 
that we have to prove the theorem for u\,u 2 € 0. For the proof the following auxiliary lemma is needed. 
In analogy to [1] we also have 

Lemma 5.2. For any A > 0, there exists C\ > such that the function 

X (t,x) = exp[(C 1 (T-t)+A)il>(x)], 

with 

4>(x) = [log((|^| 2 + 1)3) + l] 2 , X e R", 

satisfies 



§- tX {t, x) + sup ueU ^ veV {A u ' v X (t, x) + B u ^x(t, x) + K X {t, x)+ 

K\D X (t,x).a(t,x,u,v)\ + K(C u - v x(t,x))+} < m[t 1 ,T}xR n , where h=T--§^. 



Proof. By direct calculus we first deduce the following estimates for the first and second derivatives of ip: 

(\x\ 2 + l)2 \X\ 2 + 1 

These estimates imply that, if t € 

\D X (t,x)\ < {C 1 (T-t)+A) X {t,x)\Ihl>(x)\ 

(|x| 2 + l) 2 



and, similarly 

\D 2 X (t,x)\<C X (t,x) 



1 



We should notice that the above estimates do not depend on C\ because of the definition of t\. Then, since 
7 is bounded and since ip is Lipschitz continuous in R n , we have after a long but straight- forward calculus, 

X(t,x + l(t,x,u,v,e)) - x(t,x) - Dx(t,x).j(t,x,u,v,e) < Cx(t,x) ^} X \ \ j{t, x, u, v, e)| 2 , 

\x\ z + 1 

and 

X{t, x + 7(i, x, u, v, e)) - x(t, x) < C X (t,x)—— — — -\^(t,x,u,v,e)\. 

(\X\ 2 + 1)2 
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In virtue with the above estimates we have 

x) + suv ueUtVeV {A u 'V X (t, x) + B u ' v X (t, x) + K X (t, x)+ 
K\D X (t, x).a(t, x, u,v)\+ K(C u ' v X (t, x))+} 

< - X (t, x){C^{x) - Ci>{x) - Cmx)} 2 - g^g - K - CK[i,{x)] I 

< -x(t, x){d - [C + K]}tp(x) < 0, if Ci > C + K large enough. 

Now we can continue to prove the uniqueness theorem — Theorem 5.1. 
Proof of Theorem 5.1. (continued) Let us put uj := u\ — u 2 . Then we have, for some A > 0, 

lim u}(t,x)e- I ^ x \ 2 + 1 ^» 2 =0, 

uniformly with respect to t € [0,T]. This implies, in particular, that for any a > 0, u)(t,x) — a>x{t,x) is 
bounded from above in [ti,T] x R™, and that 

M := max (w - a X )(t, x)e~ K(T ~ t) 

is achieved at some point (to,#o) € [ii,? 1 ] x K™ (depending on a). We now have to distinguish between two 
cases. 

For the first case we suppose that: u>(to,Xo) < 0, for any a > 0. 

Then, obviously M < and m(t,a;) — u 2 (t,x) < a X (t,x) in [ti,T] x K". Consequently, letting a tend to 
zero we obtain 

ui(t,x) < u 2 (t,x), for all (t,x) € [ti,T] x R". 

For the second case we assume that there exists some a > such that to(to, x ) > 0. 

We notice that ui(t, x) - a\{t, x) < (ui{t , x ) - a X (t , xo))e' K ^' to ^ in [t u T] x M™. Then, putting 

<p(t,x) = a X (t,x) + (u- ax)(to,xo)e^ K(t - t ^ 

we get uj — ip < = (uj — ip)(t 0} x n ) in [ti,T] x K". Consequently, since uj is a viscosity subsolution of (5.2) 
from Lemma 5.1 we have 

j- t ip{t Q ,x ) + swp ueUtVeV {A u ' v ip(t , x )) + B u < v ip(t , x ) + 
K\<p(t ,x )\ + K\D<p(t ,x ).<T(t ,x ,u,v)\ + K(C u - v uj(t ,x )) + } > 0. 

Moreover, due to our assumption that oj(to, x ) > and since uj(t , x ) — <p(to, Xo) we can replace K\tp(to, x )\ 
by K<p(t ,x ) in the above formula. Then, from the definition of ip and Lemma 5.2, 

< a{^(t ,x ) +sup ueU , veV {A u >v X (to,x )) + B u ' v X (to,x )+ 
+K X (to, x ) + K\D x (t , xo).a{to,x ,u, v)\ + K(C u ' v X (t , x j) + }} < 

which is a contradiction. Finally, by applying successively the same argument on the interval [t 2 ,ti] with 
t 2 = {h - ^-) + , and then, if t 2 > 0, on [t 3 ,t 2 ] with t 3 = (t 2 - ^) + , etc. We get 

m{t,x) < u 2 (t,x), (i,i)e[o,r]xi". 

Thus, the proof is complete. □ 

Remark 5.1. Obviously, since the lower value function W(t, x) is of at most linear growth it belongs to 
Q, and so W(t,x) is the unique viscosity solution in O of equation (5.1). Similarly we get that the upper 
value function U{t,x) is the unique viscosity solution in 6 of equation (4-2). 
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Remark 5.2. If the Isaacs' condition holds, that is, if for all (t,x) £ [0, T] x M™, 

H~(t, x, 55), x),D 2 $(t, x)) = H+{t, x, *(t, sc), D#(i, a;), L> 2 *(t, a;)), 

fften ffte equations (5.1) and (4-2) coincide and from the uniqueness in of viscosity solution it follows 
that the lower value function W(t,x) equals to the upper value function U{t,x) which means the associated 
stochastic differential game has a value. 



6 Appendix 

6.1 FBSDEs with Jumps 

In this subsection we give an overview over basic results on BSDEs with jumps associated with 
Forward SDEs with jumps (for short: FBSDEs) for reader's convenience. We consider measurable functions 
b : [0, T] x n x R n -> K" , a : [0,T] x fix RM R nxd and 7 : [0, T] x Q x R" x E -> E™ which are supposed 
to satisfy the following conditions: 

(i) b(-,0) and c(-,0) are J-j-adapted processes, and there exists some 
constant C > such that 

|6(t,0)| + |er(t,Q)| < C, dtdP-a.e.; 

(ii) b and a are Lipschitz in x, i.e., there is some constant C > such that 

\b(t,x) - b(t,x')\ + \a(t,x) - <j(t,x')\ < C\x - x'\, dtdP-a.e., 

for x, x 1 £ K"; (H 6 - 1 ) 

(iii) There exists a measurable function p : E — > IR + with J E p 2 (e)\(de) < +00, 

such that, for any x, y £ M" and e £ E, 

\j(t,x,e) - 7(i,J/,e)| < p(e)\x-y\, 
7(-, e) is ^-predictable, and \i{t, x, e)| < p(e)(l + |x|), dtdP-a.e.. 

We now consider the following SDE with jumps parameterized by the initial condition (t, £) £ [0, T] x 



dX f / = b(8,X*>t)d8 + a(s,X*'t)dB, + f E 7(8,Xl£,e)ftd8,de) 
X^ = C, ' s£[t,T}. 



Under the assumption (H6.1), SDE (6.1) has a unique strong solution and, there exists C £ R + such that, 
for any t £ [0, T] and (, (' £ L 2 {Q, T tl P; R n ), 

El^lX^-X^'l 2 ^} < C\C-('\ 2 , a.s., 

^ E[ sup \X^\ 2 \F t ] < C(1 + |C| 2 ), a.s. (6 ' 2) 

t<s<T 

(Referred to Proposition 1.1 in [1]). We emphasize that the constant C in (6.2) only depends on the Lipschitz 
and the growth constants of b, a and 7. 

Let now be given two real valued functions f(t,x,y,z,k) and <i>(x) which shall satisfy the following 
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conditions: 

(i) $ : fl x R" — > R is an Ft <8> Z?(R n )-measurable random variable and 

/ : [0, T] x fl x R" x R x R d x L 2 (E, B(E), A; R) -> R is "P <g> B(R") ® B(R) <g> £(R d ) 
<g> £(L 2 (£,£(i;),A;R))-measurable. 

(ii) There exists a constant C > such that 

|/(t, y, z, k) - f(t, x', y', z', k')\ + \Q(x) - $(x')\ 

< C(\x - x'\ + \y- y'\ + \z - z'\ + \\k - k'\\), a.s., [ ! 

for all < t < T, x, x' £ R", y, y' £ R, z, z' £ R d and k, k' £ L 2 (E, B(E),X; R). 

(iii) / and $ satisfy a linear growth condition, i.e., there exists some C > 
such that, dt x dP-a.c., for all x £ R n , 

\f(t,x,0,0,0)\ + \*(x)\<C(l + \x\). 

With the help of the above assumptions we can verify that the coefficient f{s,X t s ' t ',y,z,k) satisfies the 
hypotheses (Af) and (A2) and £ = <S>(X T X ) £ L 2 (n, F T , P\ R)- Therefore, the following BSDE with jump 
possesses a unique solution: 



-dY*<< = f(s,X^X X ,Z^,Kl'i)ds- Z*-<dB„- J E Kl x (e)fl(ds,de), 



(6.3) 



Y T X = s£[t,T}. 

Proposition 6.1. We suppose that the hypotheses (H6.1) and (H6.2) hold. Then, for any < t <T and 

the associated initial conditions € L 2 (Sl, F t , P; R"), we have the following estimates: 

ip \Y^\ 2 + £\Zt<< 

<C(l + \(\ 2 ), a.s.; 



(i)E[ sup iW + jf \Z^\ 2 ds\F t ] + E[jJ f E \K*/( e )\ 2 \(de)ds\F t ) 



In particular, 



(6.4) 



(ii)E[ sup \Y S ^ - Y^'\ 2 + $ \Zt/ Z^'\ 2 ds\F t ] + 

t<s<T 

f E \K^(e)-K^'(e)\ 2 \(de)ds\F t }<C\(-C\ 2 , a.s. 

(iii) |y/' C | < C(l + ICI), a.s- 

(iv) \ Y ^-Y^'\<C\C-a a.s. 
The above constant C > depends only on the Lipschitz and the growth constants ofb, a, 7, / and <&. 

From Lemma 2.1 , the estimate (6.2) and Ito's formula we can prove this proposition . 

Let us now introduce the random field: 

u(t,x) = Y*> x \ s = t , (t,x) £ [0,T] x R", (6.5) 

where Y f > x is the solution of BSDE (6.3) with x £ R™ at the place of ( £ L 2 (£l,F t ,P; R"). 

As a consequence of Proposition 6.1 we have that, for all t £ [0,T], P-a.s., 

(i) \u(t, x) - u(t, y)\ < C\x - y\, for all x, y £ R"; 

(ii) \u(t,x)\ < C(l + \x\), for all a; € R". 1 ' ' 

Remark 6.1. In the general situation u is random and forms an adapted random, field, that is, for any 
x £ R", u(-,x) is an Ft— adapted real valued process. Indeed, recall that b,a,f and $ all are Ft-adapted 
random functions. On the other hand, it is well known that, under the additional assumption that the 
functions 

b, a, 7, / and $ are deterministic, (H6.3) 
u is also a deterministic function of {t,x). 

The random field u and Y tx , (t, () £ [0,T] x L 2 (tt, F t , P; R"), are related by the following theorem. 

24 



Theorem 6.1. Under the assumptions (H6.1) and (H6.2), for any t G [0,T] and C € £ 2 (17, Ft, P; R n ), we 
have 

u(t,() = Y t tx , P-a.s.. (6.7) 

Remark 6.2. Obviously, = y/' X *' = u(s,X^), P-a.s.. 

The proof of Theorem 6.1 is similar to the proof in Peng [TH] for the FBSDE with Brownian motion, 
also can refer to Theorem A.l in [16] . for reader's convenience we give the proof here. It makes use of the 
following definition. 

Definition 6.1. For any t £ [0,T], a sequence {Ai}f=i C F f (with 1 < N < oo) is called a partition of 
(17, Ft) if ufL 1 Ai = 17 and Ai n Aj = <fi, whenever i ^ j. 

Proof (of Theorem 6.1): We first consider the case where C is a simple random variable of the form 

JV 

C = X>i ; U, (6-8) 
where{Ai} 1 jL 1 is a finite partition of (17, .Ft) and Xi £ K™, for 1 < i < N. 

For each i, we put {X l s ,Y^ Z\, K l s ) = (I^*,^' 1 ',^*,^ 1 *). Then X 1 is the solution of the SDE 
Xi = Xi+ f b{r,X l r )dr + f a(r, X l r )dB r + f f j(r,X;_,e)Ji(dr,de), s € [t,T], 

Jt Jt Jt J 73 

and (Y l , Z l , K l ) is the solution of the associated BSDE 

Y* = $(X l T )+[ f(r,Xi„Y;,Z l r ,K l r )dr~ [ Z z r dB r - [ [ K l r (e)Ji(dr,de), s £ [t,T]. 

Js Js Js JE 

The above two equations are multiplied by l Ai and summed up with respect to i. Thus, taking into account 
that ^2tp{xi)lAi = ip(J2xil Ai ), we get 

i i 

N N N 

E lAtX* = C + It b(r, E U^dr + J t s a(r, E U^JdBr 

J=l 2=1 2=1 

AT 

+ Je 7(7, E 1 A i X^,_,e)fx{dr, de); 
i=i 

and 

JV JV JV JV JV JV 

£ i Ai r; = $(£ 1^) + /; /(r, E E E l^Z*, E l^^)dr 

i=l i=l i—1 i—1 i—1 i—1 

rp JV _ JV 

- J, E U t Z*dB r - £f E £ l Ai Ki(e)Ti(dr,de). 

i=l J=l 

Then the strong uniqueness property of the solution of the SDE and the BSDE yields 

JV JV JV JV 

i—1 i—1 i—1 i—1 

Finally, from u(t, Xi) = Y^, 1 < i < N, we deduce that 

JV JV JV 

Yf> c =J2Yjl Ai =J2u(t,x i )l Ai =u(t,J2 Xi l Ai )=u(t,0- 

i—1 i—1 i—1 

Therefore, for simple random variables, we have the desired result. 
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Given a general £ <G L 2 (Vl 1 Ft, P; K") we can choose a sequence of simple random variables {Q} which 
converges to £ in L 2 (Q, Ft, P; 1"). Consequently, from the estimates (6.4), (6.6) and the first step of the 
proof, we have 

_ y t *,C|2 < cm _ C |2 ^ Qj i ^ ^ 

E\u(t,Q)~u(tX)\ 2 < CE\(i - CI 2 0, i oo, 
and Fj = u(tXi), i>l. 

Then the proof is complete. □ 



6.2 The Proof of Theorem 3.1 

Proof. To simplify notations we put 

Wg(t,x) = essinf,3 e B t t+a esssup ueWt t+a G t ^' 

In analogy to W(t, x) it can be easily shown that Wg(t, x) is well-defined. The proof that Wg(t, x) coincides 
with W(t, x) will be split into a sequel of lemmas which all supposed that (H3.1) and (H3.2) are satisfied. 

Lemma 6.1. Wg(t, x) is deterministic. 

The proof of this lemma uses the same ideas as that of Proposition 3.1 so it is omitted here. □ 

Lemma 6.2. Wg(t,x) < W(t,x). 

Proof. Let (3 g B t ,r be arbitrarily fixed. Then, given a u 2 {-) g U t +6,T, we define as follows the restriction 

/3l Of (3 to U t+ 8,T ■ 

ySi(ui) := /3(t*i 8 u 2 )\[ t ,t+g], ui(-) S Wt,t+5, 

where ui®u 2 := wil[ t . t+( 5] +W2l(t+(5.r] extends iti(-) to an element oiUt^T- It is easy to check that /?i € Bt^t+s- 
Moreover, from the nonanticipativity property of (3 we deduce that /3i is independent of the special choice 
of u 2 {-) g Ut+g,T- Consequently, from the definition of Wg(t,x), 

Wg(t,x) < esssup UieMM+4 GS;7^ (ui) [W(t + 5,X<;7 lA( " l) )], P-a.s. (6.9) 

We use the notation Ig(t,x,u,v) := Gj'^' t '[VK(t + 5, Jf'^"'")] and notice that there exists a sequence 
{m^, i > 1} C Ut,t+8 such that 

7«5(t,x,/3i) := esssup UieWt t+(5 /«5(i,x,ui,/3i(ui)) = sup 4 > 1 / 5 (t, x, u- , /?i(u- )), P-a.s.. 

For any e > 0, we put f; := {Ig(t,x,/3i) < Ig(t,x,uj, Pi(uj)) + e} g F t , i > 1. Then Ti := f 1 , T, := 
i'i\(UlZ 1 Ti) g -T 7 *, « > 2, form an (O, J" t )-partition, and wf := X)i>i Ir.wJ belongs obviously to Ut,t+6- 
Moreover, from the nonanticipativity of 0i we have /?i(uf) = X)i>i lr 4 /3i( u i)' and from the uniqueness of 
the solution of the FBSDE, we deduce that Ig(t, x, u\ , /3i(uf )) = 2»>i Ir,-^^, a;, wj, P-a.s. Hence, 

W«(t,aO <I s {t,x,fc) < J2 i > 1 l r Mt,x,uj,l3 1 (ul))+s = Ig(t,x,ul(3 1 (u £ 1 ))+e 

= G;;S ft( "' ) wm i '^ AK) )ii E ,p-a.s. ( j 

On the other hand, using the fact that /3i(-) := /?(■ ffi u 2 ) g B t .t+s docs not depend on U2O) € U t +s,T we can 
define (3 2 (u 2 ) := (3(u\ ® M2)|[t+a,T]> f° r a U u 2(0 € U t +s,T- The such defined /?2 : Ut+8,T — > Vt+a,T belongs to 
Bt+s,T since /3 € St,T- Therefore, from the definition of VF(i + <5, y) we have, for any i/el", 

W(t + £,y) < esssup U2eWt+5 T J(i + 5,y;u 2 , p 2 (u 2 )), P-a.s. 

Finally, because there exists a constant Cel such that 

(i) \W(t + S,y)-W(t + S,y')\<C\y-y'\, for any y, y' g R n ; 

(ii) \J(t + 5,y,u 2 ,0 2 (u 2 ))-J(t + 5,y>,u 2 ,p 2 (u 2 ))\<C\y-y'\, P-a.s., (6.11) 

for any u 2 g U t +s,T, 
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(see Lemma 3.3-(i) and (3.6)-(i)) we can show by approximating ^^"I'^^i) ^ha,t 

W(t + 6,xt^^)<e SS su Pu2eUt+5 ^ P-a.s. 

To estimate the right side of the latter inequality we note that there exists some sequence {u"j, j > 1} C 
Ut+s,T such that 

e^u Vu2eUt+ST J(t + 5,X^f^ l( ^ P-a.s. 
Then, putting 

A, := {esssup U26Mt+4iT J(t + S,X^f Mui) ;u 2 ,p 2 (u 2 )) < J(t + S, X ^'^\ u% /? 2 ( Uj 2 )) + e} € T t+S , j > 
1; we have with Ai := A l7 Aj := A J \(U;~ 1 A;) e J"t+5, j > 2, an (O, J r t+( 5)-partition and u 2 := Sj>i 
€ Ut+5,T- From the nonanticipativity of /3 2 we have /3 2 (w|) = ^j>i Ia^/M^)) and from the definition of 
Pi, 02 we know that /3(uf © u§) = © ^(uf)- Thus, again from the uniqueness of the solution of our 

FBSDE, we get 

J(t + 4*£^ lW U, = y;:^ 1 " 1 ^^^ (see (3.8)) 

f.ft(«f). u?ij82(u3) 



— Z^j>l - L A J -r t+(5 
= E^ilA.^t + ^X*;^^ 1 ^";^,^^)), P-a.s. 



Consequently, 



W(t + 6, < esssup„ 2eWt+5 T J(t + 5, X^f^U, A(tta) ) 

= y/^'^+e, P-a.s., 

where u £ := uf © u 2 E Ut.r- From (6.10), (6.12), Lemma 2.2 (comparison theorem for BSDEs) and Lemma 
2.3 we have, for some constant Cet, 

W s (t, x) < G\%$' Mul) [ Y ^ Mu£) +e]+e 

= G^^p^f'^} + (C+ l)e (6.13) 

= + (Cf + i) e 

< csssup^X'^'^ + (C + l)s, P-a.s. 

Since /3 £ S ti T has been arbitrarily chosen we have (6.13) for all (3 € B t .T- Therefore, 

W 5 (t, x) < essinf^ T csssup„ eWt>T y t t ' a:;u ' /3(,l) + (C + l)e = W(t, a;) + (C + l)e. (6.14) 
Finally, letting e 1 0, we get x) < a;). □ 

Lemma 6.3. W{t,x) < W s {t,x). 

Proof. We continue to use the notations introduced above. From the definition of Wg(t, x) we have 

Ws(t,x) = essiiif Ae *, t+ ,ess^ 

= essinf^ ieBtt+5 7 5 (t,a;,/3i), 

and, for some sequence {(3j, i > 1} C B t ,t+s, 

W s (t,x) =inU> 1 I s (t,x,Pl), P-a.s. 
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For any e > 0, we let A; := {I$(t,x,P}) - e < W s (t,x)} E T t , i> 1, Ai := Ai and A, := Aj\(ujljAj) E 
Tti i > 2. Then {Aj, i > 1} is an (ft, J r t )-partition, f3( := X^i>i ^A-tPl belongs to Bt,t+s, and from the 
uniqueness of the solution of our FBSDE we conclude that Is(t, x, u\, /3f («i)) = X)i>i lA i ^(t, x, ui, (3}(ui)), 
P-a.s., for all ui(-) € Ut,t+8- Hence, 

W 5 (*,x) > Ei>i^Mt,x,Pl)-s 

> T, i >i 1 A i l8(t,x,u 1 ,Pl(u 1 )) -e 

= I s (t,x,ui,Pl(ui)) -s 

= G t)t+i [M/ (i + d, X t+S ')\ - e, P-a.s., for all u\EU t ,t+&- 

On the other hand, from the definition of W(t + 6,y), with the same technique as before, we deduce that, 
for any y E W l , there exists E B t +s,T such that 

W{t + S,y)>csssup U2eUt+ST J(t + S,y;u 2 ,/3 E ,(u 2 ))-e, P-a.s. (6.16) 

Let {Oi}j>i C B{R n ) be a decomposition of R™ such that £ = M n and diam(O i ) < e, i > 1. 



i>i 



i,x;«i,^i(«i)i 



Moreover, we fix arbitrarily for each i > 1 an element j/j of Oi, i > 1. Then, defining 

E yil, y t.«:«i,^(«i) cfl w e have 

I^MjulWuO _ ^ux^CuOji < £; everywhere on fi, for all ui G W M+4 . (6.17) 

Furthermore, as we have seen above, for each yi there exists some s ,. E B t +s,T such that (6.16) holds, and, 
clearly, j3 e Ui := £ 1 t,*,,.!.^^) /K. € # t+( 5,T- 

i>l t'S+s tua 

Now we can define the new strategy (3 £ {u) := ^f(ui) © /3^ 1 (u2), u € Ut,T, where u\ — u|[ t)t+( 5], 1*2 = 
U l(t+<5,T] (restriction of u to [t, i + <5] x f2 and (t+S, T] x f2, rcsp.). Obviously, /3 s maps into Vt,T- Moreover, 
j3 £ is nonanticipating: Indeed, let S : £1 — > [t, T] be an J>-stopping time and u, u' E Ut,T be such that u = u' 
on ft, SJ. Decomposing u, u' into Ui,u[ E U t .t+s, u 2 ,u' 2 E U t +s,T such that u = u\ © u 2 and u' = u[ © u 2 , 
we have u\ = u[ on ft, S A (t + <5)] from which we get /3f(ui) = /3f(wi) on [i, 5 A (t + S) J (recall that /3f is 
nonanticipating). On the other hand, u 2 = u' 2 on jt+S, SV(t+S)j(c (t+S, T]x{S > t+S}), and on {S > t+5} 
we have x*£j Ul,/Jl " (ui) = x*;^"' 1 '^ W) . Consequently, from our definition, f3 £ Ui = % on {S > t + S} and 
/%> 2 ) = /%,(m 2 ) on ]t+i,SV (* + *)]. This yields /? £ (u) = /3f(ui) © 0^ (tta) = Pl(k) - /S £ K) 

on ft, 5], from where it follows that /3 e S Bt,r- 

Let now u € Ut,T be arbitrarily chosen and decomposed into u\ = w|[j )t+4 ] € Ut^+s and 1*2 = u l(t+t5.T] G 
U t+ S,T- Then, from (6.15), (6.11)-(i), (6.17) and Lemmas 2.2 (comparison theorem) and 2.3 we obtain, 

W s (t,x) > G^^^V^ + ^^T 1 ^"" )]- 6 

> G^f;7'^ ( " l) [TL r (t + 5, [^; X ' U1, ^ (U1) ]) -Ce]-e 

= G^;7 A>(U1) [E V.. i . 1 . / .f(. 1 ) e0> w(t + «y,y < )]-c e) P-a.s. 

j>l tu O 

Furthermore, from (6.18), (6.11)-(ii), (6.16) and Lemmas 2.2 (comparison theorem) and 2.3, we have, 

W s (t,x) > G^;7'^ (U1) [E l. 3r «,. i » 1 , fl f(» 1 ) p _-J(t + *,yi;u2,^ 4 (u 2 ))-e]-Ce 

i>l l A t+5 tCi| 

> G^^ (ui) [Ei^,^ 1 ^(. 1 ) e0 /(i + ^y i ;n2,^ i (n 2 ))]-G £ 

= G^ 1 ^ ( " l) [^ + ^[^ + T 1 ^ (Ul) ];« 2 ^S 1 (« 2 ))]-Ge 

> G^^ (ui) [J(t + ^X t *;T lA£(ui) ;«2,/3S 1 M)-Gs]-G £ 

> C'®" l) [ J (*+ i .C I '' ( '' 1, ;^.^(^))]-ft 

^,t,a:;«,/3 E (M) r^t,£c,M,^ e («)-| _ ^ 

_ yt,x,u,p (u) _ p. a . s . ) for any u e Wt,T- 
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(6.19) 



Consequently, 

W g (t,x) > esssup„ eWt T J(t,x;u,(3 £ (u)) - Ce 

> cssinf^gBj T esssup„ eWt T J(t,x; u,f3(u)) - Ce (6.20) 
= W(t,x) - Ce, P-a.s. 

Finally, letting e I we get W$(t, x) > W(t, x). The proof is complete. □ 

Remark 6.3. (i) From the inequalities (6.10) and (6.15) we see that for all (t,x) £ [0, T] x M™, S > with 
5 < T — t and e > 0, it holds: 

a) For every f3 € Bt.t+8, there exists some u e {-) <G Ut y t+8 such that 

W(t,x)(= Ws(t,x)) < G^f/^^W^ + S^X^f'^)] +e, P-a.s. (6.21) 

b) There exists some (3 s € B t ,t+s such that, for all u e U t .t+s, 

W(t,x)(= W s (t,x)) > G^f {u \w{t + 8,X t £t fiS(u) )]-s, P-a.s. (6.22) 

(ii) Recall that the lower value function W is deterministic. Thus, by choosing 6 = T — t and taking the 
expectation on both sides of (6.21) and (6.22) we can show that 

W{t,x) = infp eBtT sup ueUtT E{J(t,x:u,f3(u))}. 

In analogy we also have 

U(t,x) = sup aeAtT inf veVtT E[J(t,x;a(v),v)]. 
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